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I. INTRODUCTION

In this paper we examine the problems of dynamical
gauge symmetry breaking and left-right asymmetry in higher
dimensimnal theories by taking a gauge theory on a manifold

M2x82 2

where n? and S° are a two dimensional Minkowski space
and a two sphere, respectively.

Generally speaking, higher dimensional theories unify
particles with different spins in lower dimensions in one
multiplet, much similarly to supersymmetric theories in four
dimensions. In the original Kaluza-Klein approachl_6 one
starts from higher dimensional Riemannian geometry with the
Rinstein-Hilbhert action to unify gravitation (spin 2}, gauge
fields (spin 1) associated with isometry of the extra
dimensional space, and scalar fields (spin 0) corresponding
to deformation of the extra dimensional space. It explains
the origin of gauge invariance to yield a relationship
between the Newtonian constant of gravitation and gauge
coupling constant. On the other hand gauge theory in higher

dimensions?'9

unifies gauge fields (spin 1) and scalar
fields (spin 0). Though the origin of gauge invariance is
left unexplained, it has been recently shown that a class of
theories in this category exhibit dynamical gauge symmetry
breaking by gquantum corrections,9 which could replace the
Higgs mechanism in the standard unified theory of
electroweak and strong interactions, Finally higher

10-12

dimensional supergravity theories unify more. With
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supersymmetry incorporated they unify particles with spin
2,3/2,1,1/2 and 0. In particular in the 1l-dimensional
supergravity, in short, geometry determines everything,

Higher dimensicnal theories are efficient and
attractive due to its nature as unified theories, containing
more symmetry and fewer arbitrary parameters, An
unsatisfactory point is that so far none of them are
realistic. There are many problems to be solved to
construct a realistic theory. We briefly discuss them
below, simultaneously to explain the necessity of
introducing at least some of gauge fields as external matter
fields {sources to the energy momentum tensor Tuv) rather
than as a part of a metric Ty

A. The Einstein equation for gravity must admit a
solution with extra dimensions being compactified. A ground
state must be a product of four dimensional Minkowski space

(M4) and a compact extra dimensional space with tiny

size.ﬁ’13
B. In the reduced lower dimensions, namely in M4, we
need almost massless fermions.

C. Theory must admit left-right asymmetry in M4,

N. We need SU(3)xS5U(2)xU (1) gauge symmetry at
Weinberg~-Salam energies (7300 GeV).

All these requirements are apparently trivial, but

indeed appear as severe problems in constructing realistic

higher dimensional theories.



-4- FERMILAB-Pub-83/63-THY

Problem A implies that we need matter fields giving

rise to non-vanishing T unless extra dimensions are flat,.

uvf
Candelas and Weinberg6 have discussed that quantum
corrections due to quark and lepton loops are responsible
for the compactification., We take a viewpoint that external
gauge fields also are responsible for that.

Problems B and C are more serious. In general massless
fermions in higher dimensions do not yield massless fermions
in lower dimensions. For a spin 1/2 spinor on a compact
manifold with no other matter fields present, there is a

14 that if the scalar curvature R

simple mathematical theorem
is positive definite everywhere, the associated Dirac
operator has no zero eigenvalue mode. It means that if an
extra dimensional space 1is a positively curved compact
space, there are no massless fermions at low energies. All
fermions have masses of 0{(M), where M is a typical energy
scale ("101? GeV) characterizing size of an extra
dimensional space.

It is very difficult to get left-right asymmetry, if
one starts from a system consisting of gravity and spinors
only. In even dimensions Weyl spinors can be introduced.
But a higher dimensional spinor of positive {or negative)
chirality always contains lower dimensional spinors of both

positive and negative chirality so that one usually ends up

with left-right symmetric theories in lower dimensions.
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Problems B and C are interrelated to each other, and
can be avoided if there exist external gauge fields in a
theory. The main purpose of this paper 1s to show that
dynamical gauge symmetry breaking induced by cuantum effects
leads to left-right asymmetric massless fermion content in
lower dimensions, thus solving the problems B and C,

In the previous paper9

2

we showed that gauge theory with
fermions on MPxs (Mn=n~dimensional Minkowski space)
exhibits dynamical gauge symmetry breaking by guantum
effects for n=4p+3 (p=0,1,2,...). The analysis was limited
to odd n because of divergences encountered. To handle with
fermion problems discussed above, we have to consider even
dimensional theories. In four dimensions renormalization is
well defined, For this reason we investigate gauge theory
on szS2 as a toy model. It is a four dimensional theory,
but reduces at low energies to a two dimensional gauge
theory. We will see how gauge symmetry breaking is induced
by quantum corrections due to the compactness of the extra
dimensional space S2, and how it leads to left-right
asymmetric massless fermions 1in Mz. As a byproduct we
establish a relationship between anomalies in four and two

dimensions, analogous to the 't Hooft ccmdition15

relating
anomalies in preons and composite particles.

We summarize the results in Ref, 9 in Section II.
Renormalization 1is carried out in M2x52 in Section III to

see that gauge symmetry is dynamically broken under some

conditions. In the following sections we write down the
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effective Lagrangian in Mz, analyse anomaly equations in

both M2xg2

and M2, and show that left-right asymmetry really
arises at low energies. The final section is devoted to
summary and discussions.

I1, ZERC-POINT ENERGIES

As was shown in the previous paper9

gauge symmetry can
be dynamically broken on a manifold MMx 52 by fermion one
loop corrections. It is a phenomenon caused by a shift in
fermion =zero point energies due to the compactness of the
extra dimensional space 52, being very similar to the
Casimir effectl® in electrodynamics. We summarize the
results of the previous paper in this section to apply them
to the case n=2 in later sections.

We first consider SU(2) gauge theory (Au=§u¥/2) with

doublet fermions (¥} on MnXS2

. Gravity is neglected. We
lock for a gauge field configuration minimizinag the
effective potential Veff[A]. We denote coordinates of M and
g2 by x . and polar coordinates (8,49), respectively.

Accordingly Au splits into Am and (AG,A ). (Ae,A ) play the

] ¢
role of effective Higgs fields in the adjoint representation
in lower dimensions M", Unlike the standard unified theory
of strong and electroweak interactions there are no
arbitrary parameters associated with these effective Higgs

fields, all coupling constants being uniquely fixed by gauge

invariance.
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Effective potential is evaluated for two typical

configurations, a wvure gauge configuration (Au=0) and a

monopole configuration (Au=Aﬁ°n). The 1atter17 is given by
maon
A, x.,8,%) =0,
mon | = =
AB N ,0,%R) =“§-§F e(P‘t, (’l.l)
mon
Ag " x,8,%) = + - &T,
23

which vields non-vanishing field strengths

mon 1 =dy by
’ = - T . .
Fe‘? (x,9.,%) ’331"2 €y (2.2)
- + -+ s
Here g, r, and (er,ee,e¢) are the 8U(2) gauge coupling
2

constant, a radius of 8, and unit vectors on 52 in r-, 95—,

and ¢- directions. Aﬂon

solves the equation of motion,
though classically unstable against small fluctuations.18 We
will see that the configuration Agon can be stabilized by
quantum effects,

It has been also argued in Ref. 9 that A =0 and Au=AE°n
represents two extremes of rotationally symmetric
configurations on Sz, justifying to particularly pick up the
two configurations.

The effective potential is evaluated by first
integqrating fermion fields V¥. ‘This amounts to evaluating
eigenvalues of a Dirac operator D(4), since fermion

contributions to the effective potential are summarized by
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Vers LAT = iTr Gw { DAY — m]
= LM ga =D 4 m}. (2.3)

For the two special configuration
2 2 2
- D CAY '-‘-T.B]n'*Dsz(A) .

where [82]n is the d'Alembertian operator in M" and D 2(A)
S
2

is the Dirac operator on 5% given by

b W= k(& Ferel-sahe} + ou i ¥ AL
€2.4)

or in a rotationally symmetric representation by
)
Dga (A) = (L DGO

= 5’93(~L§--73Ae)*'€¢3( : l“TSA‘P)'Lg\E,

Y 28 YAm QR Y
(2.5)
u = w20 (-3 ®3a) ewp (- 60, ) .
Eigenvalues of D ,(A) are easily found, since
S
2 i - R \

DeatA=oY = 4 L@ +4 D+ T,

(2.6)

mon\ _ a4 L A\
Do W™ = (W +4T +37)
Here % is the orbital angular momentum on 82 expressed in
terms of &8 and ¢. D 2(A=0)2 has eigenvalues (j+l/2)2/r2
S
(3=1/2,3/2,...) with multiplicity 4(23+1), whereas

mon)2

D 2(A has eigenvalues j(j+l)/r2 (j=0,1,2,...} with
S

multiplicity 2 for j=0 and 4(2j+l) otherwise.
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To evaluate Veff[A] we employ the dimensional

19

regularization of 't Hooft and Veltman, to find for a

Dirac fermion

\/2F = Ve-x-r[A=-0:; Mnxsz ]F‘

*

o _ oEnad a"p \ E 84 0Tl "+3~:+m"'
2 g(m)‘“ awrd 3= 3 P !

gFr/aimn2 | N o rpra, 21Mm/2
Mt T+ F(-lgg_') Yhra ;‘l 43{.3 + b 3 . (2.7)

i

=
V3 = VQT: t AW\QV\; M“X S? JF
_ chlil—h-q ﬂ ‘
- MEVESY — ' (- ) ) LY
m L [y .
* L™+ 3}_:"1&'23-\-\){3(3+\)+\§}“’1 1 \ (2.8)
b=mY,

n+2

In the flat space M fermion contributions to Veff are

given by

VF = Veyy LA=0 3 M™M?2 7

n+L

n, ™ (2.9)
T"(-’i')
“nnﬂ m-+ 2

Tnizd-n
_ 2

The sums over j in Egs. (2.7) and (2.8) have to be
first done for n<-2 and to be defined for positive n by
analyvtic continuation. Detailed calculations are given in

the Appendix. Results are

|
=2 -y — , -
vu‘ " mh T 1) ynta TQ(“ b)Y , (a=2,3) (2.10)
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e b 3_ 2302 e 2 24N
J,inby= -.}Q_de K{b™-2*) -\-QMMXGI X (xX*-b*)
n+2 b ewmyx | b

o ,e?.“* -\ L

ntl oo n/1
. ne) = b =+ \ dx R LA 248" ¥
3 ne9 A e}“x _\ (M"'—“—-a “+ DU M———l ) ’

R={0->*2+52)'"? | ar = tam

%
, zwsw),

b*-x* ' -

For even n fa(n,b) can be evaluated in a closed form:

ﬁ,cz,b)-_--ib‘**l_*ibz_ulo'
S S M L

b = 26 +T‘5‘°4‘“€l§bz+;i—3,

fawm = 3 et oo, & aan

In our approximation the difference between total

effective potentials for Au=0 and Au=Aln}°n is

tot ot Tot
aVers = Veyy L A™M;M"xS*1 - VeyyLA=0",M"x§3?]

= Te(FQe"Y + R{Viemy — v mo)

- = 'w\"( n ‘ E'.{T(nmﬂ-'j G m.rﬂ}.
T agtrd kb """{)rmq Lt M AL
(2.\2)
For odd n the correction term in (2.12) is finite., Since

'5'-5(“.'“*') -~ 'S.;(n,mr) ~ % (m\n)n_‘l >0

for m>>r_l, we conclude that gauge symmetry is dynamically

broken (AVZ§E<O) for n=4p+3 (p=0,1,2,...), provided that
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there exists a very heavy fermion. For even n the
correction term in (2.12) diverges and has to be properly
renormalized. We discuss this problem in the next section
for n=2,

So far we have calculated only fermion loop
corrections. If one calculate gauge boson loop
contributions, one would find an imaginary part, since AaMOD
is a saddle point of the action. This imaginary part,
however, is a fictitious one and should have vanished 1if
dressed gauge boson propagators with fermion loops were used
in the calculations. This implies that 1loop expansion is

not verv good.

ITI. RENORMALIZATION

To extract physically meaningful finite results,
effective potential must be rencrmalized in even dimensions.
It is not very clear if this can be done consistently for
general n and m even at the one loop level. 1In four
dimensions, namely for n=2, rencrmalization of gauge theory
on a curved manifold is well defined. 1In our approximation
in which only fermion one loop corrections are evaluated

renormalization of g, Au' A (cosmological constant), and

coupling constants associated with R, R2, R 2 and R 2 is

TRY) uvpo
20

enough to render the theory finite. [Here R, Ruv and R

uvpo
are scalar curvature, Ricci tensor, and Riemann tensor,

respectively.] Arguments simplify for the difference AV;?E

in (2.12), since divergences associated with gravity

(A,R,Rz,...) cancel.
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Divergent parts in Egs. (2.9) and (2.10) are given by
| l
V;F div) —_ 4 \

Lw? £’
vy 1 Il m? \ ! \
vE 1 me mso_ e } A
z = {-lnrlm Tlaw: vr (lowe ¥4} B O Q3N)
¥ div) \ 4 * \ \ \
\'4 — —_— M \ m —_— —_—
3 izm* T law: v T Somr r‘*} e >
where e=2-n. In particular
F div) T div) F Wiv)
4wt v4 € :

To carry out renormalization with the monopole
background field it 1is most convenient to take the back
ground field gauge. We introduce a dimensionless coupling

constant by substituting g 1in the preceeding formulas by

e/2

r where 1 is a scale parameter. In the background

1/2 20,21 (0)y_, 1/2 (0)_ €/2
3 ’ where Au -23 Au and g —Zggu .

If only fermion one loop corrections are taken into account,

- _8* \
za"""”'& (.,“?.‘TI‘S'"E .

gu

auge 2 2 =]
gaug g

Zq = | + N _8 T A 53-3t)

for SU(N) gauge theory, where Tf=1/2 for fermions 1in the
fundamental representation and N: is the number of fermion

species. 1In this gauge

(od \ v
";‘"T\'\ Frv F(b)rv = za'a'TvFrvpr . (_3.4)
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Note that the renormalization constants in (3.3) are
determined in the flat spacetime M4.
Now we are ready to show that the renormalization (3.3)

removes the divergence (3.2}:

(ren) n
AVepy = Ey Tn(Fgg ) =+ avFh
\ Ng3? F (divy F (Tnite)
= =z {1 — — < aV «
293 pE { jan2 € AN

1
= 131‘\4 +

Ny |- ¥
4 wird {szr-n‘rav 3 3

l !
- m ‘%'S (2,myv) + QLD | (.3.5.)
FTone) s Tain,b) ~Fain,e) .
By choosing a scale u=e(Y"l)/2/2/?r=.23/r we have

Cren) 1 \ ,
AV’-TJ = 13‘1\&4 = n? r4 2'3-(-2:'"‘1*‘) . LB.G)

Here the coupling constant g should be defined at the energy

scale u. In passing,

| N+
7 " Jams o

is a scale invariant gquantity in our approximation., £'(2,b)

is given by
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<«

by = Sd‘l ‘ [%1{\41&\:‘—x‘)}0m\‘2

o ey

+1 -3 AW — k(b= %3) 0 LT =X ] . @]
For large b
’ | |
T ~ 22wl + g +~ o). 3.8)
Numerically, f'=-7.8x10-2, 0., 1.5x10_2, 1.2x1071 and

1

1.9x10" " for b=mr=0, 0.75, 1, 10, and 100, respectively.

Unlike higher dimensional theory (n>2), the dependence of f'

on m is very weak. To have dynamical gauge symmetry

{ren)
eff

need a large number of heavy fermions. For instance, 1f

breaking in four dimensions, namely to get AV <0, we
gz/4n“1/10 and mr~10, we need “30 fermions. Consequences of
dynamical gauge gymmetry breaking are examined in the
following sections,

In actual fact all divergences in (3.1) can he removed
to define a renormalized effective potential for each case.
Coefficients in counter terms in gauge theory on a curved
spacetime have been determined in Ref. 20. By using the
results there and noting that R=2/r2, RuvR”v=2/r4, and

R R‘Npo=4/r4 for szsz, one can confirm that the

uvpo
divergences (3.l) are precisely cancelled by the counter

terms.
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IVv. EFFECTIVE LOW ENERGY THEORY

Let us assume that there exist both massless and

, . . 2 .
massive fermions in M sz, say, one massless fermion and a

1) so that gauge

large number of heavy fermions (m>r”
gsymmetry is broken by the mechanism discussed in the
previous section. The aim of this section is to clarify the
particle content and their interactions at low energies,
namely in the reduced two dimensional space M2.

The monopole background field Aﬁon breaks sU(2)

symmetry down to U(l). The associated two dimensional U(1)

gauge field am(x) (m=0,1) is related to Au(x,6,¢) by

Am = ‘ Qm o) -é‘r:z

ARET ,
G
wOon
Regw = Aee (O,
Indeed
(e ax 4 TR R

= (@ {2+ L @man -—a“ami‘} 4.2)

%2 .r?. 4

where dQ=sinédédés.
Heavy fermions are relevant for inducing dynamical

gauge symmetry breaking, but contain no 1light particle

2 2 42

components in M“, Only the massless fermion in M®x8%, which

we denote by ¥, contains massless particles in Mz.
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We introduce two dimensional and four dimensicnal Dirac

matrices y® and r@ by

4 T°= €\
Y=, ™ =-i¥.
. ﬁ ™= 1,00, “4.3)
Yo =¥°¥! = gy M ihea,
[ s =3i7°'m* 3 = o080,
In this representation the Dirac operator for ¥ is given by
D=1if - ?zf; + 10, ® D::(A“"’"),

where D(g)(Amon) is defined in {2.4). 1In the rotaticnally
s

symmetric representation it becomes

D =1%i3g * Pagx * 183 ® DA™y (4.4)

the chirality operator being given by

Ts = $:® Qo' = ¥g & gp? . (4.5)

It is clear from (4.4) that an eigenstate of D 2(Amon)

S
with an eigenvalue m corresponds to a particle with a mass

Im| in M2, only zero modes of D mon,

(& are observable at
a2

low energies. From {2.6) we see that there are two zero

modes:
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[ Uy, [ —Am© ef'* X
X A
uﬁ\z " '="}i' o3 ® %\ (46)
Uan con &
.u;l . Awn B e—iq J

Here the first and second subscripts of uij refer to spin
+
and isospin, resgpectively. ul®) satisfies

- X =
e\-"t. ‘LL(' = - e.\- u‘t) -_— i uti‘

)

Sdn_ ut*-)"\' ul‘.h) = 4T

1 (.4.I"l)
gdfl t*ua1(*wa < A
Note an important relation
—-;‘::E . 'é-:‘? = = l ) (4n8)

-+ - > >
where l/2erT and e 0 represent the unbroken U(l) charge and
chirality operator on 52, respectively.

¥ contains two massless fields ¥ and & in two

dimensions:

\ ®oooue, 0y +§ LU e, )

'\; ,8,%) =
Jawer

Ky Uw® @, 0) + F,00 U0 6,%)

4.9)
Xq and 52 have negative chirality (F5=—l), whereas X9 and El

have posgsitive chirality (PS=+1). By using (4.7) we find
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(Candx €D S

=@ T y™(am=13amIX + 1Y (@m*+iT0mI T .
4,10)

Here the U(l) gauge coupling constant g is

oo]

= 3 . (4.“)
4K v

Note that x and £ have opposite charges.

The effective low energy theory is described by (4.2)
and (4.10). It is an Abelian gauge theory with two massless
fermions.

V. ANOMALY

In this section we relate four dimensional ancmaly to

two dimensional anomaly. In M2xS2% we have axial current
anomaly:22
P g*
L =2 m == TwEMFR
( 35 )’ H %“t F ,»\V ]
5.1)

K

where e, is a vierbein. Define a two dimensional axial

current by
j;ﬂ = S"f':dQ 35\‘\‘\

= —XY™"¥gX + EY Y E . (5.2)

Here we have used (4.3), (4.7) and (4.9). Then Eq. (5.1}

implies, with (4.1),
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'amis = g‘f‘}’dﬂ. ijsm

= SYadfl L:Ssp)ira

T

3 v e
~ T g vaq T FINFL

i

il

2 £ (3mOn = 3n0m) . (5.3)

This is exactly what is expected, if one starts from

the two dimensional theory (4.2} and {(4.10). There23

3

m v e —
LU YW ¥sX) - on

am“ (BMO“ --?h-\Clm) N

fl

AT Am ¥sD) = +f €™ (Bmlin=2a0m),

The sign is different for X and §, because they have
opposite charges in U(l). The result is non-trivial. The
four dimensional equation (5.1) contains all degrees of
freedom associated with heavy ©particles in the two
dimensional language. We kept only massless modes am,x, and
% to obtain Eq. (5.3), i.e., the ancmaly equation closes in
the massless sector.

VI. LEFT-RIGHT ASYMMETRY AND ANOMALY CANCELLATION

The problem of left-right asymmetry in higher
dimensional theories lies in the fact that even if one
starts from a left-right asymmetric theory in higher
dimensions, one usually ends up with a left-right symmetric
theory in lower dimensions. One way to get left-right

asymmetry is to start from topologically non-trivial extra
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dimensional manifolds 1like K3.24 Instead, we show that

left~-right asymmetry naturally arises from a topologically
trivial manifold like §2 as a consequence of dynamical gauge
symmetry breaking discussed in the previous section.

Let us take SU(2)xU(l) gauge theory in szs2 as an
example. As has been shown earlier, a sufficiently large
number of SU(2) doublet massive fermions induce gauge
symmetry breaking SU(2)xU(1)»U(1l)xU(l). In addition to them
we introduce massless Weyl fermions such that all
left-handed Weyl fermions are SU(2) doublets, while all
right~handed Weyl fermions are SU(2} singlets. Since zero

MOTy  exist only for SU(2) doublets, only

modes o¢f D (A
S2
left-handed Weyl fermions survive at low energies.
We denote SU(2) and U(l) gauge fields by Ap and Bu with
coupling constants g and g'Y. (Y 1is a "hypercharge".)
Corresponding two dimensional U(l}) gauge fields are denoted

by a and bm, respectively. As in Eq. (4.9) a left-handed

massless fermion has decomposition given by

t L IR TARIT- WD)

B oe,0) = 6.\
The effective Lagrangian in M2 is given by
int — —_— -
x’e-_n = =3 Qm (’JCR‘J'“?CR -E_ ML)
--E'me QTRE’MXR*ELY'“EL_) ‘ 6.2)
—— - g. -, S’
3 hmre ' 9 e’
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As promised, the resultant U(l)xU({(l) gauge theory 1is
left-right asymmetric.

Since the original four dimensional theory contains
axial vector gauge couplings, it must satisfy anomaly free

conditions. In particular, from the <AuAUBK> vertex we have

™, Y =0, 6.3)

Here the trace is over all left-~handed Weyl fermions.

The effective two dimensional theory also contains
axial wvector gauge couplings. The guestion arises whether
it is anomaly free or not. A dangerous vertex here is

<ambn>. Noting that ¥ () is right-(left-)handed, we see

<Omba> —» §3TY - (-3FTOTY
o LY = Q. C6.4)
That 1is, the condition (6.3) guarantees that the resultant

two dimensional theory is anomaly free.

VII. SUMMARY AND DISCUSSIONS
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2. a2

In this paper we investigated gauge theory in M“xS as

a toy model of higher dimensional theories. Due to the

2

compactness of the extra dimensional space S fermion

zero-point energies are shifted so that the monopole

mon 2

configuration A in 8° has lower energy density than the
pure gauge configuration. Its implication is very large.
First of all, SU(2) gauge symmetry breaks down to U(1l}.
This 1is a new mechanism for dynamical gauge symmetry
breaking, and could replace the Higgs mechanism. Secondly,

mon

dyvnamically chosen -\ admits two =zero modes 1in a

left-right asymmetric way so that we have in the reduced two

2

dimensions M“ left-right asymmetric massless fermions.

2sz. We can extend our

We restricted ourselves to M
analysis tc any even dimensions Mnxsz, assuming that
divergences can be consistently removed at least at the one
loop level. Then we would find that for n=2,6,10,... gauge
symmetry is dynamically broken, provided that there exists a
very heavy fermions. For n>6, only one very heavy fermion
(mr>5) is enough to induce gauge symmetry breaking.

Similar phenomena are expected to happen for M™% g9
{(g>3), though we have not examined yet. The non-vanishing
curvature of the extra dimensional space seems crucial in
our arguments. It must be also responsible for the fact
that AMOR, namely 2=1 components, and heavy fermions are

25 though a

important to derive gauge symmetry breaking,
consistent effective field theory for 1light particles

exists.



-23- FERMILAB-Pub-83/63~THY

We analysed gauge theory on Mnxsz. The existence of

compact extra dimensions must be justified by solving the
Einstein equation simultaneously. This, with construction
of more realistic theories, is left to be investigated.

Finally we note that our results indicate that strong
gravity with quantum effects can lead to gauge symmetry
breaking in four dimensions.
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APPENDIX: DERIVATION OF (2.10)

The discrete sums in (2.7) and (2.8) are given by

faﬁﬂ;b) =7 3?-:\ 1 {-i“\""}“lz 3 (Au‘)
oo = — Lt o B GrDHligroee e (A4.2)
3=t

f2 and f3 are defined by (A.l) and (A.2) for n<-2, and are
to be given by analytic continuation for positive n., Let us

first consider f
- 2, LA\ 2
T.in o) = Se\z m‘ £ (Z3b)

Ca g

-3 (%'&_‘_bt)“fl \
— - AR —_ 3 n/a
& | - @2WIE °\E(\+ e'_mn_\\it‘i-qr\:‘)
Ca+Co e

1
bh+2 -— &d% “

n+a
C.
n/t
- S az ELE‘*\:‘):‘,I - g dr QY b‘ . AR)

Ca cy
k8
Contours are given in Fig. 1. The second term vanishes in

the €+0 1limit. The third and last terms are complex
conjugate of each other. The expression (A.3) applies to

all n. Noting cuts extending from z=+ib, we have for n»-2

bh‘cQ b 2_~2 nix oo 12 niz
L X=X -\'D.wamgtbt % S )

b= e 2 +2 o  er™¢ _\ b e

A.4)

The formula for f3 is obtained in a similar manner:
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time the third term gives

|- elni‘

This
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(‘Z*Ji)igtg+‘)+b13hfz
004 L \
- %.az (v -\---——-———e_m..,é_\ Y ees
S
| -

\_e'l'li'!-

dz e—mT _ ) A.%)
X

a non-vanishing contribution

in the £+0 limit to cancel the second term:

/a

w bW
- 1 6 Ejb "y
- d% R - ‘.Eﬂe de—-—-———e :*J—b .
c, ~Rl2 ~amice a
The expression (A.5) is valid for all n. By introducing
z=+ix and
W
Re’ = 2E+D+b = —x¥4 b* +:1% ,
we find for n>-=2
nfa
+2 00
Fon, b= L ML L mw "
3= T L ax ey (MT LA == ) |

(A.6)
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FIGURE CAPTION

Fig. 1. Integration contours in Egs. {(A.3} and (A.5).



=27~ FERMILAB-Pub-83/63~-THY

REFERENCES

T. Kaluza, Sitzungsber. Preuss. BAkad. Wiss., Phys.
Math. K1 966 (1921); O. Klein, 2. Phys. 37 875
(1926) ; Nature (London} 118 516 (1926).

E. Witten, Nucl. Phys. B186 412 (198l1); A. Salam and
J. Strathdee, Ann. Phys. 141 316 (1982), and earlier
references therein.

T. Appelquist, A. Chodos, Phys. Rev. Lett, 50 141
(1983); Yale preprint, YTP 83-05 (March, 83);
M.A. Rubin and B.D. Roth, Texas preprints, UTTG-2-83
and UTTG-3-83; T. Appelquist, A. Chodos and E. Myers,
Yale preprint, YTP 83-04 (April, 83); T. Inami and
0. Yasuda, Tokyo preprint, UT-KOMABA-83-8 (May, 83).
S. Randjbar-Daemi, A. Salam and J. Strathdee, HNucl.
Phys. B214 491 (1983); Phys. Lett. 124B 349 (1983);
Y., Fujii, T. Inami, M. Kato and N. Ohta, Tokyo
preprint, UT-Komaba 83-4 (April, 83); S. Weinberg,
Phys. Lett. 125B, 265 (1983).

T. Kaneko and H. Sugawara, Prog. Theoret. Phys. 69
262 (1983).

P. Candelas and S. Weinberg, Texas preprint,
UTTG~6-83.

N.S. Manton, Nucl. Phys. B158 141 (1979); ibid.
B193 502 (198l1); P. Forgacs and N,S. Manton, Comm.
Math. Phys. 72 15 (1980); G. Chapline and

N.S. Manton, Nucl. Phys. B183 391 (1981);



10.

11.

12,

13.

1l4.

-28- FERMILAB-Pub-83/63-THY

G. Chapline and R. Slansky, Nucl. Phys. B209 461
(1982).

Y. Hosotani, Phys. Lett. 126B 309 (1983); D.J. Toms,
Phys. ©Lett. 126B 445 (1983).

Y. Hosotani, Pennsylvania preprint, UPR-0227T
(June, 83), to be published in Phys. Lett. B.

For review, see, e.g., M.J. Duff and C.N. Pope,
Imperial College preprint, ICTP/82/83-7 (January, 83).
E. Cremmer and B. Julia, Nucl. Phys. Bl59 14 (1979).
P.G.0. Freund and M.A. Rubin, Phys. Lett, 87B 233
(1980); F. Englert, Phys. Lett. 119B 339 (1982);
R, D'Auria, P. Fu and P. van Nieuwenhuizen, Phys.
Lett. 122B 225 (1983); M.J. Duff, P.K. Townsend and
P. van Nieuwenhuizen, Phys. Lett. 122B 232 (1983),
M.A. Awada, M.J. Duff and C.N. Pope, Phys. Rev,
Lett. 50 294 (1983); G.F. Chapline and N.S. Manton,
Phys. Lett. 1208 105 (1983):; B. Biran, F. Englert,
B. de Wit and H. Nicolai, Phys. Lett. 1248 45
{1983); M.J. Duff, B.E.W. Nilsson, and C.N. Pope,
Phys. Rev. Lett. 50 2043 (1983).

E. Cremmer and J. Scherk, Nucl. Phys. B108 409
(1976); ibid. Bl1l8 61 (1977); J.F. Luciani, Nucl.
Phys. B1l35 111 (1978) ; Z. Horvath, L. Palla,
E. Cremmer and J. Scherk, Nucl. Phys. B127 57
(1977); C. Wetterich, Phys. Lett. 113B 377 (1982).
A. Lichnerowicz, C. R. Acad. Sci, Ser.  A257 7

{1963).



15.

16l

17.

18.

19,

20,

21.

22.

23.

24,

-29~ FERMILAB~Pub-83/63-THY

G. 't Hooft, 1in "Recent Developments in Gauge
Theories,” ed. G. 't Hooft et al. {(Plenum Press, New
York, 1980).

H.B.G. Casimir, Proc., Kon. Ned. Akad. Wetenschap,
B51 793 (1948).

This is the Wu-Yang monopole solution restricted on 82

in R3. T.T. Wu and C.N. Yang, in "Properties of Matter
under Unusual Conditions," ed. H. Mark and
S. Fernbach (Interscience, New York, 1969) p. 349,

T. Yoneya, Phys. Rev, Dls 2567 (1977):
S. Randjbar-Daemi, A, Salam, and J. Strathdee, Phys.
Lett. 124B 345 (1983).

G. 't Hooft and M. Veltman, Nucl. Phys. B44 189
(1972).

D.J. Toms, Phys. Rev, D27 1803 (1983).

G, 't Hooft, HNucl. Phys. B62 444 (1%73); L. Abott,
Nucl. Phys. B185 189 (1981).

S.L. Adler, Phys. Rev, 177 2426 (1969); J.S. Bell
and R. Jackiw, Nuovo Cim. 51 47 (1969); T. Kimura,
Prog. Theoret. Phys. 42, 1191 (1969); R. Delbourgo
and A. Salam, Phys. Lett. 40B 381 (1972); T, Eguchi
and P.G.0., Freund, Phys. Rev. Lett. 37 1251 (1976).
J. Schwinger, Phys. Rev. 128 2425 (1962).

The index of the Dirac operator Il/2’ namely the
difference between the number of positive chirality

and negative <chirality zero modes, is related to the

signature t1. In four dimensions I]/2=—l/8T. For K3



25,

-30- FERMILAB-Pub-83/63-THY

T==16. See, for more details and references,

T. Eguchi, P.B. Gilkey, and A.J. Hanson, Phys.

6 213 (1980). See also, E. Witten in Ref. 2.

T. Appelquist and J. Carazzone, Phys. Rev. D11

{1975); B.A. Ovrut and H.J. Schnitzer, Phys.

D22 2518 (1980); Nucl. Phys. Bl179 381 (1981).

Rep-

2856

Rev,



N
N




